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Let G be an r-regular graph of order n. We prove that the cone over
G is determined by its signless Laplacian spectrum for r = 1, n− 2,
for r = 2 and n  11. For r = n − 3, we show that the cone over
G is determined by its signless Laplacian spectrum if and only if the
complement of G has no triangles. A class of Q-cospectral graphs are
also given.
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1. Introduction
Let G be a simple, undirected graph. Let A(G) be the adjacency matrix of G, D(G) be the diagonal
matrix of vertex degrees of G. ThematrixQ(G) = D(G)+A(G) is called the signless Laplacianmatrix of
G. The spectrumof A(G) andQ(G) are called the adjacency spectrum and the signless Laplacian spectrum
of G, respectively. The eigenvalues of A(G) and Q(G) are called the A-eigenvalues and the Q-eigenvalues
of G, respectively. We use λ1(G)  λ2(G)  · · ·  λn(G) and q1(G)  q2(G)  · · ·  qn(G) to
denote the A-eigenvalues and the Q-eigenvalues of G, respectively. A graph is said to be determined
by its adjacency spectrum (resp. signless Laplacian spectrum) if there is no other non-isomorphic graph
with the same adjacency spectrum (resp. signless Laplacian spectrum). Two graphs are said to be
Q-cospectral if they have the same signless Laplacian spectrum.
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For two disjoint graphs G and H, let G ∪ H denote the disjoint union of G and H, while mG denotes
the disjoint union ofm copies of G. Let G denote the complement of G. The product of G andH, denoted
by G × H, is the graph obtained from G ∪ H by joining each vertex of G to each vertex of H. Clearly
G × H = G ∪ H. Let Kn, Cn and K1,n−1 denote the complete graph, the cycle and the star of order n,
respectively. Specially, K1 stands for an isolated vertex. The graph G × K1 is called the cone over G. Let
φA(G, x) (resp. φQ (G, x)) denote the characteristic polynomial of the adjacency matrix (resp. signless
Laplacian matrix) of G.
Up to now, only some graphs with special structures are shown to be determined by their spectra
(see [1,5–10]). In this paper, we mainly investigate the signless Laplacian spectral characterization of
the cones over some regular graphs. For an r-regular graph G of order n, we prove that G × K1 is
determined by its signless Laplacian spectrum for r = 1, n − 2, for r = 2 and n  11. For r = n − 3,
we show that G× K1 is determined by its signless Laplacian spectrum if and only if G has no triangles.
We also give a class of Q-cospectral graphs.
2. Some lemmas
In order to get our main results in this paper, we give some helpful lemmas in this section.
Lemma 2.1 [2,5]. The A-eigenvalues of cycle Cn is 2 cos
2π j
n
(j = 1, 2, . . . , n).
Lemma 2.2 [2]. Let G be a graph with n vertices, m edges, t triangles and vertex degrees d1, d2, . . . , dn.
Let Tk = ∑ni=1(qi(G))k, then
T0 = n, T1 =
n∑
i=1
di = 2m, T2 = 2m +
n∑
i=1
d2i , T3 = 6t + 3
n∑
i=1
d2i +
n∑
i=1
d3i .
Lemma 2.3 [4]. Let G be a graph with maximum degree d1 and second maximum degree d2. Then
q2(G)  d2 − 1.
If q2(G) = d2 − 1, then d1 = d2.
Lemma 2.4 [2]. Let G be a graph on n vertices with vertex degrees d1, d2, . . . , dn. Then
min{di + dj}  q1(G)  max{di + dj},
where (i, j) runs over all pairs of adjacent vertices of G.
Lemma 2.5 [4]. Let G be a connected graph of order n(n > 1), and the minimum degree of G is δ. Then
qn(G) < δ.
Lemma 2.6 [3]. Let G be an r-regular graph of order n, then G is determined by its adjacency spectrum
when r = 0, 1, 2, n − 3, n − 2, n − 1.
Lemma 2.7 [2]. Let G be an r-regular graph of order n. Then
φA(G, x) = (−1)n x − n + r + 1
x + r + 1 φA(G,−x − 1),
i.e., the adjacency spectrum of G is
n − r − 1,−λ2(G) − 1,−λ3(G) − 1, . . . ,−λn(G) − 1.
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3. Main results
Let Jm×n denote them × n all-one matrix. As usual, In stands for the identity matrix of order n.
It is well known that the largest A-eigenvalue of an r-regular graph is r.
Theorem 3.1. Let G be an r-regular graph of order n. Then
φQ (G × K1, x) = x
2 − (n + 2r + 1)x + 2nr
x − 2r − 1 φA(G, x − r − 1),
i.e., the signless Laplacian spectrum of G × K1 is
n + 2r + 1 ±
√
(n − 2r + 1)2 + 8r
2
, λ2(G) + r + 1, . . . , λn(G) + r + 1.
Proof. Let A(G × K1) be the adjacency matrix of G × K1, D(G × K1) be the diagonal matrix of vertex
degrees of G × K1, then
A(G × K1) =
⎛
⎝ 0 J1×n
Jn×1 A(G)
⎞
⎠ , D(G × K1) = diag(n, r + 1, r + 1, . . . , r + 1),
φQ (G × K1, x) = |xIn+1 − D(G × K1) − A(G × K1)| = |μIn+1 − B|,
where A(G) is the adjacencymatrix of G,μ = x− r−1, B = A(G×K1)+diag(n− r−1, 0, 0, . . . , 0).
By calculating we get
B =
⎛
⎝ n − r − 1 J1×n
Jn×1 A(G)
⎞
⎠ ,
|μIn+1 − B| =
∣∣∣∣∣∣
μ − (n − r − 1) −J1×n
−Jn×1 μIn − A(G)
∣∣∣∣∣∣ .
LetM1,1,M1,2, . . . ,M1,n+1 be the cofactor of the entries in the first row of |μIn+1 − B|, then
φQ (G × K1, x) = [μ − (n − r − 1)]M1,1 + M1,2 − · · · + (−1)n+1M1,n+1.
Since G is an r-regular graph, every row sum of μIn − A(G) is μ − r. So we have
φA(G, μ) = |μIn − A(G)| = M1,1 = −(μ − r)M1,2 = · · · = (−1)n(μ − r)M1,n+1,
− 1
μ − r M1,1 = M1,2 = −M1,3 = · · · = (−1)
n+1M1,n+1,
φQ (G × K1, x) = [μ − (n − r − 1)]M1,1 + nM1,2 =
[
μ − (n − r − 1) − n
μ − r
]
M1,1.
By μ = x − r − 1 andM1,1 = |μIn − A(G)| = φA(G, μ), we get
φQ (G × K1, x) = x
2 − (n + 2r + 1)x + 2nr
x − 2r − 1 φA(G, x − r − 1).
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Since λ1(G) = r, the signless Laplacian spectrum of G × K1 is
n + 2r + 1 ±
√
(n − 2r + 1)2 + 8r
2
, λ2(G) + r + 1, . . . , λn(G) + r + 1. 
Lemma 3.2. Let G be an r-regular graph of order n. Let H be a graph Q-cospectral with G × K1, and the
maximum degree of H is n. Then H = G × K1 when r = 0, 1, 2, n − 3, n − 2, n − 1.
Proof. Since H is Q-cospectral with G × K1, H has n + 1 vertices. Suppose d1  d2  · · ·  dn+1 are
the vertex degrees of H. By Lemma 2.2 we get
n+1∑
i=1
di = n + (r + 1)n,
n+1∑
i=1
d2i = n2 + (r + 1)2n.
By d1 = nwe have
n+1∑
i=2
di = (r + 1)n,
n+1∑
i=2
d2i = (r + 1)2n,
n+1∑
i=2
(di − r − 1)2 = 0,
d2 = d3 = · · · = dn+1 = r + 1.
Considering the vertex degrees ofH, we haveH = G1×K1,whereG1 is an r-regular graph of order n. By
Theorem3.1weknowthatG andG1 have the sameadjacency spectrum. If r = 0, 1, 2, n−3, n−2, n−1,
by Lemma 2.6, we have G1 = G, H = G1 × K1 = G × K1. 
Theorem 3.3. Let G be a 1-regular graph of order n, then G × K1 is determined by its signless Laplacian
spectrum.
Proof. If n = 2, then G = K2. Clearly G × K1 = C3 is determined by its signless Laplacian spec-
trum. So we can assume that n > 2. Suppose G = mK2, where m > 1. Then n = 2m is even.
Since the adjacency spectrum of G is (1)m, (−1)m, by Theorem 3.1, the signless Laplacian spectrum of
G × K1 is
n + 3 ±
√
(n − 1)2 + 8
2
, (3)m−1, (1)m.
Let H be any graph Q-cospectral with G × K1. Then
q1(H) =
n + 3 +
√
(n − 1)2 + 8
2
> n + 1, q2(H) = 3, qn+1(H) = 1.
Suppose d1  d2  · · ·  dn+1 are the vertex degrees of H. From Lemma 2.2 we have
n+1∑
i=1
di = n + 2n = 3n,
n+1∑
i=1
d2i = n2 + 4n.
From Lemma 2.3 we get d2  q2(H) + 1 = 4. If dn+1 = 0, then qn+1(H) = 0, a contradiction to
qn+1(H) = 1. If dn+1 = 1, then there exist a component H1 of H such that the minimum degree of
H1 is 1. By Lemma 2.5 we have qn+1(H) < 1, a contradiction to qn+1(H) = 1. So we have dn+1  2.
Since H has n + 1 vertices, d1  n. If d1 = n, by Lemma 3.2, we get H = G × K1. If d2  2, by∑n+1
i=1 di = 3n, we have d1  n, d1 = n, H = G × K1. Next we only consider the case that 3 
d2  4, dn+1  2.
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Suppose that there are a3 three and a2 two in d2, d3, . . . , dn+1. By
∑n+1
i=1 di = 3n and
∑n+1
i=1 d2i =
n2 + 4n, we have⎧⎪⎨
⎪⎩
a2 + a3 + a4 = n
2a2 + 3a3 + 4a4 = 3n − d1
4a2 + 9a3 + 16a4 = n2 + 4n − d21.
(1)
Solving Eq. (1), we get a3 = (n − d1)(6 − n − d1). Since a3  0 and n = 2m  4, d1  2, a
contradiction to d2  3. 
Theorem 3.4. Let G be a (n − 2)-regular graph of order n, then G × K1 is determined by its signless
Laplacian spectrum.
Proof. The complement of G is the disjoint union of several K2. Assume that G = mK2. Then the
adjacency spectrum of G is (1)m, (−1)m. By Lemma 2.7, the adjacency spectrum of G is n − 2, (0)m,
(−2)m−1. Theorem 3.1 implies that the signless Laplacian spectrum of G × K1 is
3n − 3 ±
√
(n − 1)2 + 8
2
, (n − 3)m−1, (n − 1)m.
Let H be any graph Q-cospectral with G × K1. Then
q1(H) =
3n − 3 +
√
(n − 1)2 + 8
2
> 2n − 2.
Let d1 be the maximum degree of H. Since H has n + 1 vertices, d1  n. From Lemma 2.4 we get
2d1  q1(H) > 2n − 2, d1 > n − 1, d1 = n. From Lemma 3.2 we can get H = G × K1. 
Theorem 3.5. Let G be a 2-regular graph of order n, and n  11. Then G×K1 is determined by its signless
Laplacian spectrum.
Proof. Suppose G= Cn1 ∪ Cn2 ∪ · · · ∪ Cnj , where j 1, n1+n2+ · · ·+nj = n 11. Let H be any graph
Q-cospectral with G× K1. By Lemma 2.1 and Theorem 3.1, the signless Laplacian spectrum of H is
n + 5 ±
√
(n − 3)2 + 16
2
, (5)j−1,
3 + 2 cos 2π i
n1
(i = 1, 2, . . . , n1 − 1), . . . , 3 + 2 cos 2π i
nj
(i = 1, 2, . . . , nj − 1).
Then we have
q1(H) =
n + 5 +
√
(n − 3)2 + 16
2
> n + 1, q2(H)  5, qn+1(H)  1.
Suppose d1  d2  · · ·  dn+1 are the vertex degrees of H. From Lemma 2.2 we have
n+1∑
i=1
di = n + 3n = 4n,
n+1∑
i=1
d2i = n2 + 9n.
From Lemma 2.3 and Lemma 2.4 we can get
d2  q2(H) + 1  6, d1 + d2  q1(H) > n + 1.
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If dn+1 = 0, then qn+1(H) = 0, a contradiction to qn+1(H)  1. If dn+1 = 1, Lemma 2.5 implies
that qn+1(H) < 1, a contradiction. So we have dn+1  2.
Since H has n + 1 vertices, d1  n. If d1 = n, by Lemma 3.3, we get H = G × K1. If d2  3, by∑n+1
i=1 di = 4n we get d1  n, d1 = n, H = G × K1. If d2 = q2(H) + 1 = 6, by Lemma 2.3, we have
d1 = d2 = 6. By d1 + d2 > n + 1, we get n < 11, a contradiction to n  11. Next we only consider
the case that dn+1  2, 4  d2  5, d1  n − 1. By d1 + d2 > n + 1, we get d1  n − 3.
Suppose that there are a5 five, a4 four, a3 three and a2 two in d2, d3, . . . , dn+1. By
∑n+1
i=1 di = 4n
and
∑n+1
i=1 d2i = n2 + 9n, we get⎧⎪⎪⎨
⎪⎪⎩
a2 + a3 + a4 + a5 = n
2a2 + 3a3 + 4a4 + 5a5 = 4n − d1
4a2 + 9a3 + 16a4 + 25a5 = n2 + 9n − d21.
(2)
Solving Eq. (2), we get
a2 = (n − d1)(n + d1 − 5)
2
+ d1 − n − a5,
a3 = 3a5 + 2n − d1 − (n − d1)(n + d1 − 5),
a4 = (n − d1)(n + d1 − 5)
2
− 3a5.
By a3  0 and a4  0 we have
(n − d1)(n + d1 − 5) + d1 − 2n  3a5  (n − d1)(n + d1 − 5)
2
,
(n − d1)(n + d1 − 5)
2
+ d1 − 2n  0.
Recall that n−3  d1  n−1 and n  11. If d1 = n−3 or n−2, then (n−d1)(n+d1−5)2 +d1 −2n > 0.
Hence d1 = n − 1. In this case, we have a2 = n − 4 − a5, a3 = 3a5 + 7 − n, a4 = n − 3 − 3a5.
By a4  0 we get a5  n−33 . Since G is a 2-regular graph of order n, G × P1 has at least n triangles.
Assume that H has t triangles. By Lemma 2.2 we have
6t + (n − 1)3 + 8a2 + 27a3 + 64a4 + 125a5  6n + n3 + 27n,
6t  3n2 − 15n + 36 − 6a5.
Since there are three K1,2 in all subgraphs of a triangle C3, the number of K1,2 in all subgraphs of H is
larger than or equal to 3t. Letm be the number of K1,2 in all subgraphs of H, then
m =
n+1∑
i=1
di(di − 1)
2
=
n+1∑
i=1
d2i
2
−
n+1∑
i=1
di
2
= n
2 + 9n
2
− 4n
2
= n
2 + 5n
2
 3t,
n2 + 5n  6t  3n2 − 15n + 36 − 6a5,
n2 − 10n + 18 − 3a5  0.
By a5  n−33 , we get n2 −11n+21  n2 −10n+18−3a5  0. By n  11we get n2 −11n+21 > 0,
a contradiction. 
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Theorem 3.6. Let H be any graph of order n. Then K1,3 × H and (C3 ∪ K1) × H are Q-cospectral.
Proof. The signless Laplacian matrix of (C3 ∪ K1) × H is
M =
⎛
⎝Q1 + nI4 J4×n
Jn×4 Q(H) + 4In
⎞
⎠ ,
where Q1=
⎛
⎜⎜⎜⎜⎜⎜⎝
2 1 1 0
1 2 1 0
1 1 2 0
0 0 0 0
⎞
⎟⎟⎟⎟⎟⎟⎠
is the signless Laplacian matrix of C3∪K1, Q(H) is the signless Laplacian
matrix ofH. Let P=
⎛
⎝ 12 J4×4 − I4 0
0 In
⎞
⎠, then P−1 = P and PMP−1 =
⎛
⎜⎜⎜⎝
(
1
2
J4×4−I4
)
J4× n
Q1
(
1
2
J4×4 − I4
)
+ nI4
Jn×4 Q(H)+4In
⎞
⎟⎟⎟⎠.
By straightforward computation,we have
(
1
2
J4×4 − I4
)
Q1
(
1
2
J4×4 − I4
)
=
⎛
⎜⎜⎜⎜⎜⎜⎝
1 0 0 1
0 1 0 1
0 0 1 1
1 1 1 3
⎞
⎟⎟⎟⎟⎟⎟⎠
, this is just the
signless Laplacian matrix of the star K1,3. Since PMP
−1 is the signless Laplacian matrix of K1,3 × H,
K1,3 × H and (C3 ∪ P1) × H are Q-cospectral. 
LetNF(G)denote the number of subgraphs ofG isomorphic to a graph F . Let t(G)denote the number
of triangles in G.
Theorem 3.7. Let G be a (n − 3)-regular graph of order n. Then G × K1 is determined by its signless
Laplacian spectrum if and only if G has no triangles.
Proof. Clearly G is a 2-regular graph of order n. Lemma 2.1 implies that |λi(G)|  2 (i = 1, 2, . . . , n).
By Lemma 2.7 and Theorem 3.1, the signless Laplacian spectrum of G × K1 is
3n − 5 ±
√
(n − 3)2 + 16
2
, n − 3 − λ2(G), . . . , n − 3 − λn(G).
Let H be any graph Q-cospectral with G × K1, then
q1(H) =
3n − 5 +
√
(n − 3)2 + 16
2
> 2n − 4, qn+1(H) = n − 3 − λ2(G).
Since qn+1(H) > 0, H has no isolated vertices. Let  and δ be the maximum degree and minimum
degree of H, respectively. By Lemma 2.5, we have δ > n − 3 − λ2(G)  n − 5, δ  n − 4. Lemma
2.4 implies that 2  q1(H) > 2n − 4,  > n − 2. Since H has n + 1 vertices,  = n − 1 or n. If
 = n, by Lemma 3.2, we have H = G × K1. So we only need to consider the case  = n − 1. Let ai
be the number of vertices of degree n − i in H. By Lemma 2.2, we have
4∑
i=1
ai = n + 1,
4∑
i=1
(n − i)ai = n + n(n − 2),
4∑
i=1
(n − i)2ai = n2 + n(n − 2)2.
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Solving the above equations, we get a1 = 3 − a4, a2 = n − 3 + 3a4, a3 = 1 − 3a4. By a3  0, we
have a4 = 0, a1 = 3, a2 = n − 3, a3 = 1. By Lemma 2.2, we have
6t(H) + 3(n − 1)3 + (n − 3)(n − 2)3 + (n − 3)3 = 6t(G × P1) + n3 + n(n − 2)3,
t(H) = t(G × K1) + 1.
SinceH and G×K1 have the same number of vertices and edges, their complementsH and G∪K1 have
thesamenumberofverticesandedges.Clearly thevertexdegreesofH andG∪K1 are1, 1, 1, 2, . . . , 2, 3
and 0, 2, . . . , 2, respectively. Then we have
t(H) = NC3(Kn+1) − (n − 1)NK2(H) + NK1,2(H) − NC3(H),
t(G × K1) = NC3(Kn+1) − (n − 1)NK2(G) + NK1,2(G) − NC3(G).
Considering the vertex degrees of H and G, we have NK1,2(H) = 3 + n − 3 = n,NK1,2(G) = n. If G
has no triangles, then t(H)  t(G × K1), a contradiction to t(H) = t(G × K1) + 1. Hence G × K1 is
determined by its signless Laplacian spectrum when G has no triangles.
Recall that G is a 2-regular graph. If G has a triangle, assume that G = C3 ∪X , where X is a 2-regular
graph. Then G × K1 = K1,3 × X . Theorem 3.6 implies that G × K1 is not determined by its signless
Laplacian spectrum if G has a triangle. 
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